We present an analysis of citations accrued over time by patents granted by the United States Patent and Trademark Office in 1998. In contrast to previous studies, a disaggregation by technology category is performed, and exogenously caused citation-number growth is controlled for. Our approach reveals an intrinsic citation rate that clearly separates into an -in the long run, exponentially time-dependent -ageing function and a completely time-independent preferential-attachment-type growth kernel. For the general case of such a separable citation rate, we obtain the time-dependent citation distribution analytically in a form that is valid for any functional form of its ageing and growth parts. Good agreement between theory and long-time characteristics of patentcitation data establishes our work as a useful framework for addressing still open questions about knowledgepropagation dynamics, such as the observed excess of citations at short times.
I. INTRODUCTION & OVERVIEW OF MAIN RESULTS
The structure and evolution of information transfer in collaborative environments continues to be the subject of intense study. In particular, citations by scientific articles [1] [2] [3] [4] [5] [6] and patents [7] [8] [9] [10] [11] [12] are being investigated as directly accessible and suitably quantifiable indicators of intellectual connectivity. Basic insight into citation data has been obtained by the application of advanced models for network growth [13] [14] [15] [16] [17] [18] where the principle of preferential attachment governs the creation of new connections (i.e., citations). However, such growth dynamics is counterbalanced by the typically increased tendency towards obsolescence for old knowledge. As a result, the intrinsic [19] citation rate λ(t) for patents (articles) at time t can be surmised to be of the general form [10, 11] λ(t) ≡λ(k(t), t) = A(t) f (k) .
Here A(t) is the ageing function [20] [21] [22] [23] , and f (k) embodies preferential-attachment dynamics through its asymptotic power-law dependence f (k) ∼ k α on an individual patent's (article's) cumulative number of citations k(t).
Various specific functional forms for A(t) and f (k) have been fitted to real citation data. For the Ansatz (1) to be meaningful, fitting procedures should find that any parameters entering the preferential-attachment kernel f (k) are independent of time once an accurate model for ageing of knowledge has been adopted and extrinsic influences, such as the increased number of patents (articles) generated over time, have been controlled for by a suitable normalisation. Here we show that this is indeed the case for patents within given technology categories. More specifically, the validity of (1) is demonstrated by explicit extraction of the ageing function and preferentialattachment kernel, which are found to be of the form Figure 1 shows results of a fitting procedure that most directly demonstrates the validity of the separation Ansatz (1), and the parameter values found for individual technology categories defined in Ref. [24] are given in Table I . Our present approach [25] establishes the rate expression (1) as a viable description for patent-citation dynamics and so provides the means to investigate general aspects of knowledge flow in greater detail. As an example, we discuss interesting insights that emerge from comparing values for growthkernel and ageing-function parameters associated with the citation statistics for patents from different technology categories. On a conceptual level, finding ageing to be reliably modeled by an exponential function of time in the long run implies the existence of a finite life time τ for patents before they become obsolete -in agreement with an early study of patent-citation dynamics [8] that also observed exponential ageing [26] . Systematic deviations from the, in the long-term very accurate, exponential-aging model point to currently not understood mechanisms for knowledge propagation at short times that require further study.
As one of our main results, we obtain the fully general analytic expression for the distribution function n(k, t) for citations, which is the fraction of patents having k citations at time t. For all values k ≥ 1, it will satisfy the Master equation [22] 
whereas for k = 0, the corresponding Master equation is
Solving these equations for the most general form of initial conditions n(k, 0) = n 0 (k) allows us to account for the fact that a significant number of patents have already acquired citations by the time they are granted. Assuming only that the citation rate has the form given in (1), we find [27] n(k, t) Figure 1 . Disentangling preferential-attachment-type growth from ageing in the citation rate of category-4 USPTO patents granted in 1998. (a) Obsolescence time τ extracted for each bin of patents with fixed number of citations k from fitting the citation rate to the formλ(k, t) ∝ exp(−t/τ ) for time t ≥ t0 = 2.5 years. (b) Preferential-attachment exponent α, extracted for fixed times t from fits of the citation rate to the formλ(k, t) ∝ (k α + f0). (c) Inhomogeneous contribution f0 to the preferential-attachment part of the citation rate, extracted for fixed times t from fits toλ(k, t) ∝ (k α + f0). Circles are fit-parameter values, solid lines their weighted averages, and black dashed (red dotted) curves show 95% confidence intervals for fit-parameter values (weighted averages). where
This result is applicable to any citation dynamics described by a rate that is the product of an ageing part and a citationnumber-dependent growth part, irrespective of their explicit functional forms. It also incorporates the fully general initial conditions. Specializing (4b) to the ageing function given in (2a) yields
where
quantifies the effect of deviations from exponential ageing that occur at short times t ≤ t 0 . Hence we expect, and indeed observe, Γ(t > t 0 ) → Γ 0 = const. For the purpose of the present work, extracting the parameter Γ 0 from the data enables us to model correctly the citation-number distribution n(k, t) for t ≥ t 0 . See Fig. 2 for a comparison of the theoretical prediction with the data. Table I summarizes the values of Γ 0 found for individual technology categories.
Knowing n(k, t) explicitly, it is possible to calculate any citation-related quantity of interest, including the average rate of citation for patents from the cohort; Λ(t) = k n(k, t)λ(k, t), and the average cumulative number of citations obtained over time; K(t) = k n(k, t) k [28] , which are related via dK(t)/dt = Λ(t). We only consider Λ(t) here. Figure 3 shows a representative comparison between the average citation rate obtained from actual patent-citation data and the prediction coming out of our model that combines preferential-attachment-type growth with ageing. For the theoretical curves, we have taken into account the empirically measured initial citation distribution n 0 (k). The assumption of purely exponential ageing turns out not to yield a good description of the data for Λ(t), but good agreement at longer times is achieved simply by setting Γ(t) ≡ Γ 0 with the appropriate value for Γ 0 to account for the effect of short-time deviations from exponential ageing. Thus despite the fact that the exact functional form of the ageing function A(t) at short times t < t 0 is currently not known, we can accurately model the longer-term behavior of Λ(t).
The remainder of this Article is organized as follows. We describe the data and methods used for our analysis in Sec. II. General implications of our results for understanding patentcitation dynamics and associated knowledge characteristics are discussed in Sec. III. We present conclusions in Sec. IV and provide relevant additional information in Appendices. Table II . Summary statistics for patent dataset. We consider cohorts formed by patents granted in 1998 that belong to a given technology category and count citations to these made by patents from any category with application date before 2008. Besdies the raw total number of citations to each such cohort, we also give the total obtained by summing the normalized values from each year that were adjusted to account for citation inflation as described in the text.
II. METHODOLOGY FOR DATA ANALYSIS & FITTING
Our data comprise the citation history of all patents granted in the year 1998 by the United States Patent and Trademark Office (USPTO), where each patent is assigned one of six broad technology categories as laid out in Ref. [24] . The cohort of patents granted in 1998 was chosen in order to have both enough data and enough time to conduct a robust analysis of the network evolution. The date of a citation is taken to be the application date of the citing patent. We consider all citations to this cohort up to, and including, those applied for in the year 2007. A detailed summary statistics for our patent-citation dataset is provided in Table II . Table I .
The citations to each patent in our cohort are binned in sixmonth periods, starting from the grant date of the patent. This establishes two time series; one for the number of additional citations gained within a given six-month period, and one for the total number of citations that have been accrued by the end of each period. These citations are adjusted for 'citation inflation' to mitigate extrinsic factors affecting the citation rate: because the number of patent applications in each period and technology category is variable, we divide the nominal application counts by the number of applications in 1998 to scale each citation to an 'equivalent 1998 citation'. We perform this scaling only within a given technology category based on the approximation that patents mostly cite other patents from the same technology category. The fact that we see consistent exponential aging behavior across most technology categories suggests that this approximation is generally valid. See Table II for a listing of both the raw total and 'inflation-adjusted' citation numbers for each cohort of patents.
We also bin the data into groups of patents with similar values of k at t. In order to ensure equal spacing of these bins during the modeling process, we implement logarithmic binning, whereby bin size gets exponentially larger with the number of cumulative citations. There are few patents with a large number of citations, and so the measured citations for these patents have large uncertainties. To mitigate this, we define a threshold, and when the number of accrued citations to a patent exceeds this threshold, the patent gets excluded from . Average citation rate Λ(t) for category-4 patents granted by USPTO in 1998. Symbols represent the data, and the red (black) curve is the theoretical prediction based on applying preferentialattachment-type growth and exponential ageing to the measured initial citation distribution n0(k), with (without) correcting for shorttime deviations from exponential ageing using Γ0 = 0.87. the analysis. For our present study, the threshold has been set at the 95th percentile of total accrued citations, which varies with technology category. To prove separability of the citation rate and extract relevant parameters, we assume, for patents with k citations, that the average additional number of citations in (t, t + ∆t], denoted ∆k(t + ∆t), with ∆t = 6 months is a good proxy for the citation rate at time t. (As shown in Appendix A, our results do not depend on this particular convenient choice of ∆t.) We then analyze how these rates change as functions of both time and accumulated citations. In particular, we fit Eq. (2a) to the time dependence of the observed citation rate at various fixed k to extract values of τ [see Fig. 4(a) ], and fit Eq. (2b) to the k dependence of the observed citation rate at various fixed t to extract values of α and f 0 [cf. Fig. 4(b) ]. All fits performed in this work are carried out using a weighted nonlinear least-squares regression with weights proportional to the number of patents represented by each data point. We fit (2a) to times τ /2 because of a departure from exponential behaviour observed at short times. The results obtained in that way for patents from category 4 (Electrical & Electronic) are shown in Fig. 1 . The fact that there is no systematic residual time dependence in the values for α and f 0 , and no dependence of the extracted τ on the number of citations k, clearly shows the applicability of the separation Ansatz (1) for the citation rate. Repeating the fitting procedure using potential alternative forms for f (k) and A(t), as discussed in Appendix B, establishes Eqs. (2a) and (2b) as the most meaningful and accurate models. This allows us to discuss more systematic specifics of the ageing and growth mechanisms.
III. DISCUSSION OF RESULTS & OUTLOOK A. Distribution function for patent citations:
Comparison between theory and data
The distribution function n(k, t) captures all aspects of patent-citation statistics and is therefore an extremely useful quantity to know. We have obtained its fully general analytic expression in Eq. (4a) for any situation where the citation rate has a separable form as given in Eq. (1). Results obtained from calculating this expression using the functional forms f (k) = k α + f 0 and
with the parameters we have extracted from analyzing citation data for category-4 patents granted in 1998 are plotted in Fig. 2 . Comparison with the empirical data for n(k, t) reveals the regions of validity for our model. At large-enough t, the agreement is very good over essentially the entire range of k. As t gets smaller, the region of good agreement shrinks to a limited range of smaller and smaller k. Based on this understanding of the properties of the distribution function, the accuracy of our model for calculating any statistical quantity of interest related to patent citations can be inferred.
B. Robust preferential-attachment growth
Within our analysis, we observe no systematic deviations from preferential-attachment-type growth. Our extracted values of the exponent α vary moderately between the different technology categories but are all broadly consistent with α 1.15. This value is marginally lower than those typically found previously [6] from citation networks, but still implies super-linear growth dynamics. The initial attractiveness for a patent to be (essentially randomly) cited is quantified by the parameter f 0 whose values are in the sensible range 1 f 0 2 across all technology categories. The observed technology-independent universality of the preferential-attachment growth behavior points to the existence of common drivers for citation-based knowledge flow in invention space.
C. Technology dependence of short & long-term ageing
Our study has succeeded in establishing the separability of the citation rate into ageing and growth parts, and has also clarified the exact form of the preferential-attachment kernel. However, the functional form of the ageing function A(t) was able to be reliably identified as being exponential only for longer times t ≥ t 0 ≈ 2.5 years. As illustrated in Fig. 4(a) , the citation rate at shorter times is larger than expected from purely exponential ageing with the extracted lifetime τ . Nevertheless, the knowledge of exponential ageing occurring in the long run, together with the separability according to (1) , make it possible to at least find an accurate model for the distribution n(k, t) of citations for times t ≥ t 0 (see Fig. 2 ), which can be the starting point for further study into the shorttime ageing mechanism.
Similarly to the preferential-attachment parameters, the life time associated with long-term exponential ageing turns out to show some variation across the different technology categories. The broad range 5 τ /years 6 is consistent with early results reported in the economics literature [8] . Furthermore, those technologies that are generally perceived to be faster-changing (categories 2-4) exhibit shorter τ while those perceived to change more slowly (categories 1, 5 and 6) exhibit longer τ . See Table I . The factor Γ 0 that quantitatively embodies short-term deviations from exponential ageing also exhibits an interesting pattern across technologies. It is plausible that the enhancement of knowledge transfer that is observed for some technologies on short time scales does not occur to a significant level for patents from the very heterogeneous and generally slower-changing technology space of categories 1, 5 and 6. This leads to a larger Γ 0 0.9 for these categories. In contrast, the faster-developing category 4 is strongly influenced by such short-time effects, rendering its Γ 0 to be smaller.
D. Relating patent-citation statistics to knowledge flow:
Opportunities and caveats
We treat citations as an indicator or proxy for knowledge flow. We might expect citations in patents to be a high-quality indicator, because they are governed by explicit legal rules, and their inclusion in or exclusion from a given patent has legal consequences [29] . Indeed, recent work uses transitive reduction (TR) [30] of citation networks to show that the level of redundancy in the information flow associated with patent citations is much smaller when compared with citations to academic papers [31] . This suggests a stronger link between citation dynamics and knowledge flow in the patent network as compared to networks mapped from article citations (for which both rules and consequences are much less clear). There are, however, reasons to be cautious in interpreting patent citations as indicators of knowledge flow. Citations are made by several parties (including the inventor, the patent attorney, and the USPTO patent examiner [32] ) and for various reasons [33] . Applying our present approach to analyze the statistics of patent citations that originate from different parties acting during the patenting process could shed interesting new light on these various influences [29] .
IV. CONCLUSIONS
We have empirically established that the intrinsic rate of citation for patents within individual technology categories is separable into an ageing function and a preferentialattachment growth kernel. The ageing function depends exponentially on time in the long run, but the functional form characterizing its short-time behavior is currently not known. The life time associated with the exponential ageing and the parameters of preferential-attachment-type growth have been reliably extracted, and variations across technology categories were discussed. Based on the separability of the intrinsic citation rate, the distribution of citations has been obtained as a function of time in an explicitly analytic form that also incorporates a completely general initial citation distribution. This result enables detailed modelling of patent-citation statistics and facilitates future in-depth investigations into mechanisms for knowledge propagation through invention space.
Appendix A: Robustness of data analysis with respect to a change in sampling period ∆t for incoming citations
For the analysis presented in the main text, we have counted incoming citations received over the interval (t, t + ∆t] with ∆t = 6 months to determine the citation rate at time t. As Table III shows, different reasonable choices for the sampling period ∆t yield the same parameters resulting from fitting.
Generally, the optimal choice of ∆t will take account of the amount of available data (cohort size; number of incoming citations) and the length of time over which citation statistics is to be modeled. Choosing a larger ∆t is advisable, e.g., for analyzing cohorts with few patents and/or incoming citations. In contrast, a shorter ∆t may be necessary when working with more-recently-granted patents for which there has been less time to accrue citations. Table III . Parameters obtained for category-4 patents granted in 1998 when incoming citations are counted over periods of length ∆t = 6, 4, and 3 months, respectively. There is very good agreement between average values to within uncertainties. As expected, parameter uncertainties increase as ∆t is reduced because lower citation numbers over shorter periods result in larger statistical errors. relative uncertainties of 16% and 54% respectively at a 95% confidence level. This can be contrasted with the exponential fit (black dashed line) that gives τ = (5.14 ± 0.61) years -a relative uncertainty of 12% -while providing a fit that is basically indistinguishable from the power-law fit for times t τ /2. Parameters τ and β obtained from fitting the power-law ageing model at different fixed k are shown in panels (b) and (c), respectively. Note the consistently large uncertainties and systematic residual k dependence, which severely limit the utility of the power-law ageing model (B1) for analyzing our patent-citation data set. Solid red lines represents weighted averages, and black dashed (red dotted) lines represent 95% confidence intervals for the fit-parameter values (weighted averages).
Appendix B: Exploring alternative functional forms describing growth and ageing dynamics in the citation rate
Alternative preferential-attachment kernels
While preferential-attachment models generally have a kernel that asymptotically approaches a power law [16] , lim k→∞ f (k) = k α , different specific functional forms have been proposed to fit real data. Here we provide a comparison between our adopted form f (k) = k α + f 0 , which was also used previously for patent data [10] , and a possible alternative
α , which has been applied to model citation growth for scientific publications [5] . Table IV shows results from fitting the relevant parameters to the patent data. Values obtained for the exponent α are quite close but have significantly lower uncertainties for our adopted functional form, motivating our particular choice.
Conceptually, the two functional forms compared here differ in the way citation growth is modeled for patents with small, especially vanishing, number of citations. The underlying causes for determining the initial citation rate (pure chance or some sort of quality/fitness) need to be investigated further. The adherence to different functional forms of f (k) revealed in the citation rate for patents and scientific publications could be indicative of an interesting distinction between growth mechanisms responsible for their respective citation dynamics.
15 ± 0.06 1.24 ± 0.14 1.16 ± 0.08 1.24 ± 0.20 Table IV . Parameters obtained by fitting two alternative preferentialattachment kernels to the citation data of category-4 patents granted in 1998.
Alternative forms of the ageing function
Various forms of ageing functions have been considered in the context of network-growth models [23] . Besides exponential ageing represented by the functional form given in Eq. (2a) of the main text and deduced also in the early economics literature on patent citations [8] , expressions with an asymptotic power-law dependence lim t→∞ A(t) = t −β are quite common. In particular, previous studies of citation dynamics [5, 6, 10] have fitted an ageing function of the form
to the data. Within our approach where patent-citation data are disambiguated by technology category, citation inflation is accounted for, and the application date of patents constitutes the time when incoming citations are generated, the ageing function (B1) can quite accurately represent the data, even at short times. See Fig. 5(a) . However, as illustrated Figs. 5(b) and 5(c), the parameters τ and β extracted from such superficially accurate fits turn out to have excessively large uncertainties and even show some residual k dependence. Table V summarizes the consistency of this situation across all technology categories. Thus while the introduction of an additional parameter enables a good fit, no meaningful information can be associated with the fitting parameters. The same type of problem occurs with other three-parameter models such as a stretched-exponential expression and the Weibull form used in Ref. [11] . In contrast to the explored alternatives, fitting exponential ageing to the data at long times yields robust and meaningful results that enable, e.g., comparisons between different technology categories. These fits also reveal a systematic excess of citations at short times that points to a different mechanism for knowledge flow from that acting at longer times, which warrants further investigation. See Fig. 5(a) and information given in the main text. The tendency to find power laws as ageing functions in previous work could be explained by several mechanisms that conspire to fatten the tail of the citation distributions. Table V . Parameters extracted from fits of patent-citation data to the power-law expression for the ageing function given in Eq. (B1). Values obtained for A 0 are systematically larger than those for A0 from Table I because the shifted-power-law fits include the data at short times that deviate significantly from the exponential-ageing model. [See Fig. 5(a) .] Despite the apparent accuracy of the fit that can be achieved by using a three-parameter model, excessively large uncertainties of the extracted values for τ and β in all categories prevent its meaningful application.
Most importantly, the ever-increasing overall number of citing patents and scientific articles creates a citation inflation that, if not accounted for, enhances citation rates at later times. Also, studies employing the method of transitive reduction [31] indicate that a substantial number of citations in scientific articles are redundant for the purpose of information flow, potentially being included mainly to honor intellectual priority.
This practice slows down obsolescence and establishes a class of 'immortal' papers [6] . No such effect exists for patent citations, as the very small fraction of citations eliminated by transitive reduction attests [31] , thus exposing basic exponential ageing at long times. Finally, the appearance of slower obsolescence could be created through to the influence of autocorrelation effects.
